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ABSTRACT. We study alternate definitions of correlated equi-
librium in games with Polish strategy spaces. We first con-
sider universally measurable decision problems equipped with
a measure assignment and a prior, comparing deviation sta-
bility with the stronger requirement of conditional rationality.
We show they are equivalent for Borel measurable problems,
but their equivalence for all analytically measurable prob-
lems depends on the model of set theory. The full equiva-
lence follows from MUP, while a nonmeasurable set of reals
yields a counterexample. When the set of strategies which
are best responses to their assigned measures is measurable
by the prior, we characterize the equivalence by the prin-
ciple MUPY™_ which holds in a model of Larson-Neeman-—
Shelah. The results carry over to games, where we further
show that conditionally rational priors must concentrate on
RCBR strategies, while deviation stable priors may fail to do
so even in games with analytically measurable payoffs. This
provides an epistemic justification for defining a correlated
equilibrium as a conditionally rational prior.

1. INTRODUCTION

A set-theoretic perspective on correlated equilibrium, Aumann’s
classical generalization of Nash equilibrium, reveals a distinction
between two natural formulations that is obscured by the restric-
tion to finite or continuous games.

Key words and phrases. Correlated equilibrium, universally measurable
sets, common belief in rationality, measurable uniformization, epistemic game
theory, descriptive set theory.
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Consider a Nash equilibrium (P, P) of a game G = (m, m2),
with each

7T,L'IX1XX2—>R

a bounded, universally measurable map. Thus each P, € A(X;)
and for each @7 € A(X;) and Q2 € A(X3),

m(Q1, P2) < (P, Py) and ma( Py, Q2) < mo( Py, Pa),

where we extend each 7; by taking expectations. To generalize this
concept to an arbitrary joint distribution P € A(X; x X3), let us
try to capture the Nash property in terms of the measure

P:P1®P2€A(X1XX2).

The requirement that

/ m(s*, )dP(s, 1) < / m (s, )dP(s,1)

X1 ><X2 Xl ><X2

for any s* € X;, and similarly for player 2, is easily seen to be
equivalent to the Nash property when P = P, ® P,. For general P,
we allow the deviation to depend on s so we require

/ m1(d(s),t)dP(s,t) §/ m1(s,t)dP(s,t)
X1xXo X1xXo
for any measurable d : X; — X, and similarly for player 2. This
is the definition of Aumann in [1] and [2], where the concept of a
correlated equilibrium was introduced. We will call this property
deviation stability.

Looking at the Nash pair (P, P;) again, we see that

P,({s € X, | s is a best response to P;}) =1

for each ¢, that is each P; concentrates on best responses to P;
(strategies that yield as high a payoff as any alternative in X;
against P;). For an arbitrary joint distribution P, we would re-

quire that
margy (P)({s € X; | s is a best response to ! (s)}) =1

where
i Xi = AX;)
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is part of some (equivalently any) disintegration of P, that is any
pair of Borel measure assignments (!’ ') with

P(B, % By) = / uE () (B)dPy(s) = / uL (1) (By)dP(2)

By Bs

defining P for all Borel sets B; C X;, where each P; = margy (P).
We call such a P conditionally rational. This definition can be
found for example in Yildiz’s Graduate Game Theory and is easily
seen to imply deviation stability.

In our general setting of universally measurable maps on Polish
spaces, we find that the two properties coincide for Borel measur-
able payoffs, but depending on the model of set theory, may or may
not coincide for analytically measurable payoffs. The full equiva-
lence follows from the measure uniformization principle!, MUP, and
is exactly characterized by MUPYM for games and priors where

{s € X; | s is a best response to . (s)}

is measurable by margy (P) for each i. This condition rules out a
counterexample created from a bijection between a nonmeasurable
set and a universally null set of reals. We develop these results in
the context of decision problems, and they carry over immediately
to games.

Theorem 1. MUP, and hence AD, imply that deviation stability
and conditional rationality coincide. In ZFC there is a counterex-
ample for universally measurable games.

Theorem 2. For rationality-measurable common strateqy priors,
the equivalence of deviation stability and conditional rationality is
equivalent to MUPYM.

Finally, we show that a correlated equilibrium (in the condi-
tionally rational sense), like the Nash equilibrium it generalizes,
must concentrate on strategies that are consistent with rational-
ity and common belief in rationality (RCBR strategies), whereas
a deviation stable strategy prior may not, even in the analytically
measurable case. This provides an epistemic justification for the
one formulation over the other.

IMUP holds in the Solovay model and is a consequence of AD (see [5]). We
will show that MUPYM holds in a ZFC model of Larson—Neeman—Shelah from
[9].
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Theorem 3. A common strategy prior is conditionally rational if
and only if it is the strategy marginal of a common prior concen-
trated on RCBR states. In particular, every conditionally rational
common strateqy prior concentrates on RCBR strategies.>

Theorem 4. It is independent of ZFC whether every deviation sta-
ble common strategy prior in an analytically measurable game con-
centrates on RCBR strategies.

Thus, by Thoerem 3, whether or not a deviation stable prior
concentrates on RCBR strategies, if it is not conditionally rational,
then it cannot be the strategy marginal of any common state space
prior concentrated on RCBR states.

2. PRELIMINARIES

We begin with a few observations about the o-algebra of uni-
versally measurable sets, '™, and a version of Solovay’s measure
uniformization principle for these sets. Throughout we will identify
Borel probability measures with their completions.

Definition 2.1. A subset A of a Polish space X is universally
measurable if it is measurable in the completion of every p € A(X).
A is universally null if it has measure zero in the completion of
every atomless € A(X). We let TYM(X) denote the o-algebra
of universally measurable subsets of X which is closed under Borel
preimages.

Definition 2.2. We let MUPY™ denote the principle asserting that
any I'"M relation R C 2 x 2¢ with v(proj(R)) > 0 can be uni-
formized almost everywhere on proj(R) by a Borel map, where v
is the standard coin-flipping measure on 2%.

Remark 2.3. We obtain an equivalent principle by requiring that
v(proj(R)) =1
in the definition above, or by requiring that R is total. This prin-

ciple implies the analogous principle for any uncountable Polish
space and Borel probability measure.

Proposition 2.4 (Relevant Results for TV™).

2For the corresponding chracterization in finite games see Dekel and Sinis-
calchi [4, Theorem 2.14] building on Aumann [2].
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1) (Kechris) IT1 determinacy implies X3 C TYM
(Martin, Solovay) MA + —CH implies $3 C '™
(Solovay) (A3)#F C UM
(Larson-Shelah) It is consistent that T C A}
( Tum

6) MUP"™ implies AL C TUM.

)
)
)
5) (Grzegorek) is not closed under projections
)
7) MUP"™ fails in L.

Proof. For (1) see 6G.12(a) of Moschovakis, attributed to Kechris.
To see (6) suppose A € A} so that A = proj(Fpy) and X \ A =
proj(P;) where P, P, are coanalytic. Define

R(z, (i,y)) <> Pi(z,y)

which is coanalytic and hence I'VM. A uniformization of R (replaced
by a Borel function that agrees almost everywhere with respect to
the measure under consideration) gives the desired Borel witness
to the measurability of A. Thus MUPYM fails in the Larson-Shelah
model (a forcing extension of L) by the fact that the containment
in (4) is proper (see Remark 6.3 of [10]).

In L there is a coanalytic total function

fi20—=2¢

with a thin graph R (see Moschovakis 5A.6), that is, R does not
contain a perfect subset. To sketch the definition of f, we use the
fact that there is a I} set Q(x,y, w) such that Jw Q(z,y,w) holds
if and only if x < y and y is the < -least code of some ordinal. The
function f is a coanalytic uniformization which outputs the unique
real coding the unique pair (y,w) such that Q(z,y,w) holds. By
assumption f is a total function. Any closed subset of

R = graph(f)

would have analytic projection on the second coordinate, which
would therefore be countable by boundedness. Thus R is univer-
sally measurable and has full projection on the first coordinate. If
MUPYM held there would be an Borel selector B and an uncount-
able Borel set B with

graph(g [ B) C R,
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which must contain a perfect set, contradicting thinness, and es-
tablishing (7).
To prove (5), that is,

_‘<E|]RPUM g PUM),

we use the graph of a function with nonmeasurable domain and
universally null range. Let A be the coin-flip measure on 2*. Using
a measure preserving Borel isomorphism to move to 2*; we can
apply a theorem of Grzegorek (see Theorem 2.8 of [9]) to find a
universally null set of the same cardinality as a nonmeasurable set.
Thus we may choose a nonmeasurable set A C 2“ a universally
null set N C 2¢, and a bijection f: A — N. Write

F={(s,f(s)) | s € A}.

We first observe that F' is universally null. Indeed, let p be an
atomless Borel probability measure on 2* x 2, let v be its second
marginal, and let D be the countable set of atoms of v. Since v
restricted to 2¢ \ D is atomless, universal nullity of N gives

v(N \ D) = 0.

Consequently,

p(F 1 (2% x (N \ D)) = 0.
The remaining part is countable, because f is injective, and is
therefore also p-null. Thus p(F) = 0, and it follows that F is

universally null and hence F' € TYM. But A = proj(F) ¢ '™,

We mention (3) as the provably Aj sets are a large fragment of
A3, and refer to [6] for details.

That MA + —CH implies every ¥} set is universally measurable
is due to Martin and Solovay [12]. To see this, note that every X3
set is wi-Borel. Under MA + —CH, the union of w; p-null sets is
p-null for any p € A(2¥) (see pages 167-169 of [12]). So let B be
the union of Borel sets {B, | @ < w;}. There is § with

1( U Ba) = sup, ., N(U Ba)
a<f a<ly

so we must have

u(B,\ | Ba) =0

a<f
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for v > 3, and hence

(B \ U B,) =0,

a<f

which shows that B is measurable. This proves (2). O
Proposition 2.5. MUP™ holds in the random model.

Proof. We work in the model of Larson-Neeman-Shelah [9], which
we can take to be a forcing extension of L obtained by adding
wy random reals, which can be referred to as the random model.
By Theorem 2.7 of that paper, and the discussion preceding their
Theorem 2.10,

(A) Every '™ set is w; Borel, and

(B) cov(N) = wo,
meaning no positive measure Borel set can be covered by w; null
sets (see also Theorem 1.1 of [9]; the normalized restriction of the
coin-flip measure to such a Borel set is isomorphic to Lebesgue
measure on the unit interval). This puts us in a situation similar
to (2) of the last proposition.

Suppose R C 2¥ x 2¢ is a relation with full projection which is
universally measurable. Let p be the coin flip measure. By (A)

R=|J B,
a<wi

where each B, is Borel and so each
Aa - pl"Oj(Ba) € ;j

is universally measurable, and their union exhausts 2. Let M be
the supremum of measures of unions of countable subfamilies of
{A, | @ <wi}, and let {A, | a < [} realize this supremum. Let

H=|] A
a<pf

We argue that u(H) = 1. For every a > (3, the maximality of M
gives u(Ay \ H) = 0. If u(H) < 1 choose a positive measure Borel
C C 2%\ H. Since R has full projection

C = UCmAa

a>f
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which contradicts (B). Hence u(H) = 1. It follows that the Borel
relation
B=|JB.CR
a<f

has conull projection H. By the Jankov—von Neumann theorem,
B admits an analytically measurable uniformizing map defined on
H, which agrees with a Borel map on a conull set. This Borel map
is the desired uniformization of R. 0

3. DEcCISION PROBLEMS

The set-theoretic issues of interest here can be understood in the
decision theoretic context.

Definition 3.1 (Decision Problems). We call a bounded univer-
sally measurable map

T: X XY >R

on Polish spaces X and Y a decision problem. We add some ad-
ditional structure to m, namely a prior P € A(X) and a Borel
measure assignment

pe X — A(Y),
or belief assignment, which must be defined P-almost everywhere.
We call (7, u, P) a decision problem with beliefs and a prior.

Remark 3.2. We extend such a 7 to
T AX)xAY)—=R

by taking expectations, and write 7(u,v) for p € A(X) and v €
A(Y) for such an expectation.
Definition 3.3 (Deviation Stability). The problem (, i, P) is de-
viation stable if there is no Borel measurable map

d: X - X
such that

[ rantenip@ < [ wtie), wa)apta).

X

Remark 3.4. An equivalent definition is obtained by allowing de-
viations to be P-measurable, or universally measurable.
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Definition 3.5 (Conditional Rationality). We say that the prob-
lem is conditionally rational if z is a best response to p(zx) for
P-almost every x, that is for x on a set of P-measure one

m(z, p(z)) > m(y, p(x))
for every y € X.

Proposition 3.6. Let (m, u, P) be a decision problem that is con-
ditionally rational. Then it is deviation stable.

Proof. Immediate. ([l

We are interested in the converse. Recall that 7 is universally
measurable by assumption. The issue is that a failure of conditional
rationality means that the set

B ={(s,a) | m(a,u(s)) > (s, pu(s))}
has nonnull projection. While B is universally measurable, the two
issues are
(P1) the measurability of proj(B), and
(P2) finding a Borel uniformization of B,

which are resolved in the three cases below.

Proposition 3.7 (From Uniformization). Let (m, u, P) be a deci-
sion problem that is deviation stable.

(1) If w is Borel then it is conditionally rational.

(2) Assuming E}—det@rminacy, if ™ is analytically measurable
then it is conditionally rational.

(3) Assuming MUP, 7 is conditionally rational.

Proof. Let B be the strict improvement relation

B = {(s,a) | nla, u(s)) > w(s, u(s))}.

For (1), the set proj(B) € X1 is measurable and so B can be uni-
formized everywhere by Jankov—von Neumann, and that map can
then be replaced by a Borel map agreeing with it almost every-
where.

For (2), we argue that B € ¥} and so

proj(B) € X,
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and the Proposition 2.4(1) applies and we can similarly use the
Kondo-Novikov-Addison uniformization theorem. For this com-
plexity calculation, it suffices to show that the extension of 7 to
X x A(Y) is analytically measurable given our assumption that 7
is bounded and analytically measurable. For analytic A C X x Y
the map from (s,v) to v(As) is analytically measurable by Theo-
rem 29.26 in Kechris [8]. A monotone class argument extends this
conclusion to analytically measurable sets A, and the result follows
for m by a simple function approximation argument.

For (3), MUP implies all sets have measurable uniformizations
(see [17]). O

Definition 3.8 (Decision Problem of a Relation). Given a univer-
sally measurable relation R C 2“ x 2“ we set

X={0,1} x2¥ and Y = 2%
and define the decision problem 7% on X x Y by

ﬂ-R((L y)7 l‘) = XR(xv y)
and 72((0,y),z) = 0. We will use this problem with the measure

assignment

1((0,5)) = 0,
and various priors P which concentrate on {0} x 2*. For a decision
problem of this form, a strategy s is rational if and only if s ¢
proj(R), and a profitable Borel deviation gives rise to a partial
uniformization of R defined on a set of positive P-measure.

Proposition 3.9 (Uniformization Necessary). If every deviation
stable problem is conditionally rational then MUP"™ holds.

Proof. Let R be an arbitrary total relation and 7 the decision
problem from Definition 3.8. For any Borel set of positive measure
B C 2¥ let vg be the coin-flip measure normalized and regarded as
being on {0,1} x 2¥ with vg({0} x B) =1, that is

_ v(ANB)
VB({O} X A) = W
Let
1((0, 5)) = s

for s € B. The decision problem is not conditionally rational, and
the set of strategies that are not best responses to their assigned
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measures has vg-measure one. So each such problem has a prof-
itable Borel deviation which gives rise to a partial uniformization
of R, defined on a Borel set B C B of positive measure. These uni-
formizations can be cobbled together into a Borel uniformization
defined almost everywhere.

To see this, let

M = sup{v(C) | C is Borel and

R has a Borel uniformization on C'}.

Using countable choice, choose pairs (C,, u,) such that v(C,,) con-
verges to M. Set
Cc=|Jc,

n<w

and define u on C' by using u,, on Cy, \J,,.,, Cm- Then u is a Borel
uniformization of R on C'. By the definition of M and the choice
of the C),, we must have v(C) = M.

If M < 1, the measurable set 2 \ C' contains a Borel set B of
positive measure. The preceding argument gives a Borel set £ C B
of positive measure and a Borel uniformization v on E. Then uUwv
uniformizes R on CUE, whose measure exceeds M, a contradiction.

Hence v(C') = 1. Extending u by a fixed value outside C' gives a
Borel map f : 2* — 2% satisfying

y({a: eC | (v, f(x)) ¢ R}) =0.
This proves MUPYM. U

Proposition 3.10. Assume V = L. There is an analytically mea-
surable decision problem which is deviation stable but not condi-
tionally rational.

Proof. This follows from Proposition 3.9 and Proposition 2.4(7).
Let R be the graph of a total coanalytic function which does not
contain a perfect subset. We can use the decision system as in Prop.
3.9 with B = 2¥. The map 7% is analytically measurable, and any
Borel partial uniformization yields a contradiction as uncountable
Borel sets contain perfect subsets. 0

Proposition 3.11. There is a universally measurable decision prob-
lem which is deviation stable but not conditionally rational.
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Proof. We will use the same template from Definition 3.8 with the
graph of a function with nonmeasurable domain and universally
null range as in Proposition 2.4 (5). Let A be the coin-flip measure
on 2¥. Using a measure preserving Borel isomorphism to move
to 2¥, we can apply a theorem of Grzegorek (see Theorem 2.8
of [9]) to find a universally null set of the same cardinality as a
nonmeasurable set. Thus we may choose a nonmeasurable set A C
2¢  a universally null set N C 2“ and a bijection f : A — N.
Write

F={(s,f(s)) | s € A}.
As in Proposition 2.4(5), F'is universally null and hence universally
measurable. Let 7 = 7" as in Definition 3.8. Thus X = {0,1} x 2
and Y = 2“. The payoff 7 is universally measurable. Let
P = (5~ 1(0,9))\, w((i,s)) = 0s.
The assignment p is continuous, and

7((0,5), u((0,5))) = 0

for a set of (0, s) of P-measure one. For any Borel deviation
d: X — X,

write

d((0,5)) = (i(s), 9(s)).
The key point is

Ms e Alg(s)=f(s)} = ((id, 9).A)(F) =0

by the fact that F' is universally null and

(id, g)« A € A(2% x 2¢)

is an atomless Borel probability measure as g is Borel. Therefore,
setting £ = {sinA | g(s) = f(s)},

/X w(d(z), p(x)) dP(x) =
/E w((i(5), g(s)). $)dA(s) + / w((i(s), 9(5)), 8)dA(s) = 0.

2\ E
Thus there are no profitable Borel deviations. On the other hand,
for every s € A,

m((1, f(s)),05) =1 >0 =m((0, ), ),
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and for s ¢ A, every strategy earns zero against ds. Hence the set
of nonrational strategies on the support of P is exactly {0} x A.
Since A is not measurable it is not contained in any Borel null set,
so the problem is not conditional rational. 0

We can now address the two issues (P1) and (P2) simultaneously
by requiring of our decision systems that the set of strategies at
which rationality holds is measurable by the prior. This rules out
the pathology of Proposition 3.11, so the set we want to uniformize
is universally measurable with measurable projection.

Definition 3.12. We say a decision problem (m, u1, P) is rationality-
measurable if

{z | x is not a best response to u(x)}
is P-measurable.
Remark 3.13. Note that p is a Borel map, so we are requiring
that
{z | (z,pu(x)) € E7}
be P-measurable where

E™ ={(s,v) | s is a best response to v}

is the best response relation for 7. So rationality-measurable is
weaker than requiring that E”™ be universally measurable.

Theorem 3.14. The following are equivalent:

(1) Ewvery rationality-measurable decision problem which is de-
viation stable is conditionally rational.

(2) MUpP"™
Proof. The rationality-measurable condition implies that

B ={(s,a) | m(a,u(s)) > m(s, u(s))},

which is universally measurable, has P-measurable projection so we
can find a Borel C' C proj(B) with P(C) > 0 and apply MUP"™ to
B = BN (C x X). For the other direction, the decision problems
we considered in Proposition 3.9 had a P-measure one failure set
as the relation was total. Thus that proof works under the present
restriction. 0
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4. GAMES

We study common priors in the context of games, and the results
from the last section will carry over by considering the decision
problems

(ﬂ-ia ,UJi7 B)
where 7; is the payoff of player ¢, F; is the marginal of the common
prior P, and p' is a disintegration of P.

Definition 4.1 (Common Strategy Priors and Disintegration).
Suppose X; and X, are Polish spaces. We call a probability mea-
sure P € A(X; x Xy) a common strategy prior, and write

P, = margy (P)
for its marginal on X;. For each 4, there is a Borel map
p X — A(X))
such that, for all Borel sets D; C X; and Dy C X5,

(4.1) P(Dyx Do) = [ i(s)(Dy) dP ).
D;

Moreover, ' is unique up to P-almost-everywhere equality (see
Theorems 5.3, 5.4 of [7]). If there is an underlying game we say P
is conditionally rational if x is a best response to u‘(z) on a set of
P,-measure one for each i.

Definition 4.2 (Self-supported Measure Assignment). Suppose G
is a bounded, universally measurable game. We say that a pair of
partial maps (u', %) is a rational self-supported measure assign-
ment if

(5, 4(s)) € BS and yi(s)(4,) = 1
for every s € A;, where A; = dom(p?) and EF is the best response
relation for player i.

Proposition 4.3 (Conditionally Rational). Suppose G is a bounded,
universally measurable game and P € A(X;, x X3) is a common
strategy prior. Then the following are equivalent:

(1) P is conditionally rational
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(2) There are Borel sets A; C X; with P;(A;) = 1 and a rational
self-supported measure assignment on A = A; X Ay which
generates P in that

P(B, % By) = / 41(5)(By) dPy(s) = / 42(3)(By) dPy(s)

A1NBy A>NBa
for every Borel B; C X;.

Proof. For the forward direction, let A? be a P;-full measure Borel
set on which every s is a best reponse to u'(s) and recursively define
Borel sets

At = L5 e AT ui(s)(A?) =1}

The conditional probability identities imply inductively that each
A? is Borel and has full marginal measure. Consequently, the Borel

sets
A=) A}

n<w

satisfy P(A; x Ag) = 1 and, for every s € A,

(s,1'(s)) € B, p'(s)(Ay) =1

For the other direction we can extend each ' using an arbitrary
constant value outside of A;. O

Definition 4.4 (Correlated Equilibrium). A conditionally rational
common strategy prior on a game is called a correlated equilibrium
of the game.

Remark 4.5. Thus correlated equilibrium can be characterized by
a rational self-supported measure assignment on a Borel rectangle
together with a pair of marginal probability measures that give rise
to a common prior through the formula of equation (4.1). We note
that the existence of such measure assignments implies the strategy
rectangle has the best response property in the sense of Pearce
[14], and thus correlated equilibria concentrate on rationalizable
strategies.

Definition 4.6 (Deviation Stable Common Strategy Prior). Sup-
pose (G is a game with bounded universally measurable payoffs and
Polish strategy spaces X;, and P € A(X; x X5) is a common prior.
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We say P is a deviation stable common strategy prior of G if for
each Borel map d : X; — Xi,

/ (5, 1)dP > / 71 (d(s), )P,

and similarly for player 2.

Remark 4.7. This formulation has its origin in Aumann [1] where
it is used as the definition of correlated equilibrium. See also Defi-
nition 2.1 of [2] and Definition 2.7 of [15]. It has the virtue of only
referencing the common strategy prior. Also, it is easy to see that
if
P:P1®P2€A(X1XX2)

is a common prior, then P is deviation stable if and only if (P, P,)
is a Nash equilibrium. The conditionally rational formulation is de-
rived as a consequence in the finite setting (see for example Propo-
sition 2.3 of [2]). On the other hand, in Yildiz [16], Graduate Game
Theory, Definition 2.13 and Theorem 2.7, the conditionally ratio-
nal formulation is used as the definition of correlated equilibrium,
which is the approach we take here.

Proposition 4.8. For a game G with Polish strateqy spaces and
bounded universally measurable payoffs, if a common strategy prior
P is a correlated equilibrium of G, then it is deviation stable.

Proof. Immediate. 0

Proposition 4.9. Assume MUP. For a game G with Polish strat-
eqy spaces and bounded universally measurable payoffs, and a com-
mon strategy prior P, the following are equivalent:

(1) P is a correlated equilibrium of G
(2) P is a deviation stable.

Proof. Let p' be a disintegration of P, and P; be the marginals of
P. Then we may apply Proposition 3.7(3) to the decision problems
(mi, 1*, B;), where u' is a Borel disintegration of P and B is its
marginal for player . The other direction is immediate. 0

Proposition 4.10 (Uniformization Necessary). Assume that every
deviation stable common strateqy prior is conditionally rational in
every game with compact Polish strategqy spaces and bounded uni-
versally measurable payoffs. Then MUP™ holds.
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Proof. This follows from the decision theoretic result in Proposition
3.9. We can can set player 2’s payoff equal to zero, and use the
prior

Q4% B) = [ u@)(B)aP()

A
for Borel sets A C X and B C Y, where (, u, P) is one of the
relevant decision problem. O

Remark 4.11. As a corollary, by Proposition 2.4(6), if every de-
viation stable common strategy prior is conditionally rational for
universally measurable games then A} C I'YM This latter hypoth-
esis is shown by Levy in [11, Theorem 3] to be equivalent to the
existence of measurable selectors for Nash equilibrium of parame-
terized Borel games. We observe here that his conclusion follows
from MUPyy directly. MUPyy implies that any total function with
universally measurable graph is universally measurable. The equi-
librium relation in the setting of [11] is coanalytic and has full
projection so its Kondo uniformization must be universally mea-
surable.

Theorem 4.12. The principle MUPM s equivalent to the asser-
tion that any deviation stable rationality-measurable common strat-
eqy prior is a correlated equilibrium in any game with bounded,
universally measurable payoffs and Polish strategy spaces.

Proof. By rationality measurable we mean that each marginal P,
of the common prior measures the set of strategies which are best
responses to their assigned measures (see Definition 3.12). The
result follows from Theorem 3.14. O

Theorem 4.13. Deviation stable priors are conditionally rational
for every game with bounded, Borel measurable payoffs and Pol-
1sh strategy spaces, while the analogous statement for analytically
measurable games is independent of ZFC.

Proof. The Borel case follows from Prop. 3.7. We can use L for
failure in the analytically measurable case by Prop. 3.10. We note
that the decision problem for Proposition 3.10 associated to the
graph R of the coanalytic map from Proposition 2.4(7) is analyti-
cally measurable, as the preimage of any open set is either analytic
or coanalytic. For the other part we can use a forcing extension of

L in which MA + =CH holds by Prop. 2.4 (2). O
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5. EPISTEMICS

We use the universal type structure from Brandenburger and
Dekel [3]. For Polish spaces X; there are Polish spaces Tj;, called
the universal type spaces, and homeomorphisms

Nt T, = A(X; x Tj).
If G = (m,ms) is a game on X;, Xy we say a strategy s € X is
rational at ¢ € T; if s is a best response to margy (A;(t)) and let
R}(G) denote the set of such pairs for each i. Define for n > 1,
RiTHG) = {(s,1) € R} (G) | M()(R}(G)) = 1},
and
RCBR;(G) = projy, ((] R}(G)).

n>0

We set
RCBR(G) = RCBR;(G) x RCBR4y(G),

and we say s € RCBR;(G) is consistent with rationality and com-
mon belief in rationality. Here we have used the convention that
when ¢ is used to index a player, j will represent the other player.

There is a subtle point here. Even if the best response relation
E¢ € T we have RCBR,(G) € I*TYM. But as we identify
measures with their completions, the sequence defined above is
well-defined, as is the statement of the theorem.

Lemma 5.1 (Type Lift Lemma). Suppose A; € '™ for each i and
that the universally measurable maps

phs Ay = A(X)
form a rational self-supported measure assignment on Ay X As.
Then there are universally measurable type assignments
th: A — T,
such that for each v and s € A;,
margx, (Ai(t'(s))) = p'(s) and Ni(t'(s))(graph(t’)) = 1,
equivalently,’ ' o
Ai(t'(s)) = (ida;, 7).’ (s).

3Note that a universally measurable function function between Polish spaces
has a universally measurable graph.
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Proof. The lift argument involves the construction of the type spaces
T;. To sketch it, set X? = X, ti(s) = p'(s) for each ¢ and induc-
tively for n > 0 define
XM = X x AX]),
and for n > 1 define
tf@—i—l(‘s) = (idAj7t{7 "'7t‘ZL)*lui(S) S A(‘in)

simultaneously for each i. Each ¢! is a universally measurable func-
tion by induction, since pushing forward a universally measurable
measure assignment by a universally measurable map is universally
measurable. Thus

t'(s) = (t1(s), t5(s), t3(s), ...) € T,
which is easily seen by induction to satisfy common certainty of
coherency, is the desired type assignment. By uniqueness of the
Kolmogorov extension

Ai(t'(s)) = (ida,, #)up'(s)

as they have the same finite dimensional marginals (see [3] and [17]
for more details). O

Theorem 5.2 (Correlated Equilibrium is RCBR). Suppose G is a
game and P € A(X; X Xs) is a correlated equilibrium. Then

P(RCBR(G)) = 1.

Proof. That is, a conditionally rational equilibrium concentrates on
strategies which are consistent with rationality and common belief
in rationality. Let P € A(X; x X3) be such an equilibrium. Then
by Proposition 4.3 there is a disintegration of P which is a rational
self-supported Borel measure assignment (u', 4?) on some Borel
strategy rectangle A; x A, with

P(A; x Ay) = 1.
By Lemma 5.1, the type lifts
t: A — T,
satisfy . o
A(E(s)) = (iday, V)i (s) € A(X; x ),
where the measure p'(s) is regarded as a probability measure on
A;. We note that as each ' is a Borel function, so is each ¢*.
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Thus for s € A;,

Ai(t'(s)) (graph(t’)) = 1

and
margy (A\i(t'(s))) = u'(s).
It follows immediately by induction that for n > 1,
(5,t'(s)) € R}

for each 7 and s € A;, so these type assignments witness

A; x Ay C RCBR(G),
and thus P(RCBR(G)) = 1. O
Theorem 5.3. Assume V = L. There is a bounded, analytically

measurable game G on Polish strategy spaces with a deviation stable
common strateqy prior P such that

P(RCBR(G)) = 0.

Proof. We use the argument of Proposition 3.10 with additional
strategies added for player 1. Let

RcC2¥x2¥

be the graph of a total function which is coanalytic and does not
contain a perfect subset, and let A € A(2*) denote the coin-flip
measure. Thus every section R, is nonempty, while

A | (2. 9(2) € RY) = 0

for every Borel map g : 2¢ — 2¥. Set X; = {0,1,2} x 2* and
X5 = 2¥ and define
(—1 n=0Az#a,

0 n=0Az=a,
71'1((%,(1),]3) = XR(x’a) n=1,

-1/2 n=2Azx#a,
L0 n=2ANz=a.

We give player 2 the constant payoff 7, = 0 and form the game G =
(71, m). These payoffs are bounded and analytically measurable.
Let P be the pushforward of A\ under

x+— ((0,2), ).
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Both players receive payoff zero under P. For any Borel deviation
of player 1, write its restriction to part 0 as

dl(O’ ZE) = (n(aj)v CL(:E))
The functions n and a are Borel. The deviating payoff is nonpos-
itive when n(x) # 1, and it can be positive when n(z) = 1 only
if (z,a(z)) € R, which occurs on a A-null set. Hence no Borel
deviation is profitable. Player 2 is indifferent, so P is deviation
stable.

To show that P concentrates on strategies that are not rational-
izable (and hence not in RCBR(G)), fix (0,a) € X; and v € A(2¥).
If v # d,, then

m((2,a),v) = —%(1 —v({a})) > —(1 = v({a})) = m((0,a),v).
If v = d,, choose b € R,. Then
m((1,0),0,) =1 >0=m((0,a),d,).

Thus no strategy in {0} x 2¢ is a best response to a belief. Conse-
quently, the Borel rectangle

A= ({0} x2¥) x 2%
satisfies P(A) = 1 and AN RCBR(G) = @. O

Theorem 4 from the introduction now follows. Under the hy-
pothesis MA + =CH, every deviation stable common strategy prior
for an analytically measurable game is conditionally rational by
Theorem 4.13 and hence concentrates on RCBR strategies by The-
orem 5.2. Theorem 5.3 gives a counterexample in L.

Definition 5.4 (Common Prior on States). Let
Q= (Xl X Tl) X (XQ X TQ),

where \; : T; = A(X; x T}) are the universal type maps. We call
Q the set of (joint) states. For a state w = ((s1,1), (s2,2)) € Q
we can call (s;,t;) an individual state or a state for player i. For
a Borel event B C () write B;, ;, for its section in the opponent’s
coordinates. Thus player i’s probability of B at a state w is

)‘l(tl) (Bsi,ti)'

A probability measure P € A(Q2) is a common prior if, for each
player 7, the conditional distribution of the opponent’s strategy and
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type given (s;,t;) is A\;(t;), P-almost surely. Equivalently, writing
P; for the marginal on X; x Tj,

P(B) = [ (t)(Buus) Pids,dt)

for every Borel B C ).

Definition 5.5. An epistemic correlated equilibrium is a common
prior @) which concentrates on states at which rationality and com-
mon belief in rationality hold.

Proposition 5.6. Fvery correlated equilibrium P lifts to an epis-
temic correlated equilibrium P* with

margXl X Xo (P*) - P

Conversely, the strategy marginal margy, . x,(P*) of an epistemic
correlated equilibrium is a correlated equilibrium of the underlying
game.

Proof. Let P be a correlated equilibrium. The lift is defined by
P*=F,P,
where
F: A1 X A2 — Q

is given by
F(s1,82) = (Fi(s1), Fa(s2)) = ((s1,t'(51)), (52, t%(s2))),

and t'(s) is the type lift from Theorem 5.1. Thus every state in the
image of F' satisfies rationality and common belief in rationality.
Each set

Ci = Fy(4) = {(s,1'(s)) | s € Ai}
is Borel and the lifting identity implies that
Ai(t'(s))(Cy) =1
and
margy Ai(t(s)) = 4 (s).

Thus every point of C; is rational and assigns probability one to
C;. Consequently C; x Cs is self-supporting and

P*(Cl X Cg) = 1.
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A disintegration of P* over its player ¢ marginal P; is given by
Ai(t;) for Pf-almost every (s;,t;). This follows from the disintegra-
tion of P and the definition P* = F,P. Thus P* is a common prior
on state space and hence an epistemic correlated equilibrium.

For the second assertion, assume P* is an epistemic correlated
equilibrium and P its strategy marginal. Intuitively, since P* is a
common prior, each player’s belief about their opponent’s strate-
gies, given their own strategy, is a mixture of marginals of asso-
ciated types. Since P* concentrates on RCBR states, each such
strategy is a best response to almost every associated type’s mar-
ginal, and is therefore a best response to the mixture.

Let P} = margy, 7. (P*) and P; = margy (F;). For each i let

be a disintegration of P over F;. Also let
bi(t;) = margyx (Ai(t;)).

Since P* is a common prior, a disintegration of P* over P is

given by the type structure assignment \;(¢;). Thus, a disintegra-
tion pu® of P over P; is obtained by averaging the strategy beliefs
as follows. For each Borel set B C Xj, define

i ()(B) = / bi(t:)(B) dvi(s:).

T;

This defines a probability measure on X;, which we abbreviate as
) = [ ) (s,
Because P* concentrates on RC]ZBR states, it concentrates on states
at which each player is rational. Hence, for P;-almost every s;,
s; € BR; (marg X; )\i(ti)) for v;(s;)-almost every t;.

Fix such an s;. For every alternative a; € X;, integrating the best-
response inequalities yields

mi(8i, 1 (55)) = / m(si,marng )\@-(ti)) dv;(s;)

T;
Z/ ° (az‘,mafng Xi(ti)) dvi(s;)
T;

= Wi(ai>ﬂi(5i))~
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Thus s; € BR;(1(s;)) for Pi-almost every s;. Since this holds for
each player, P is conditionally rational. 0

As a concluding remark, we noted in Remark 4.5 that a rational
self-supported measure assignment on a rectangle A; X Ay is a
witness for the rectangle having the best response property with
respect to a game G. The maximal strategy rectangle of G with
the best response property exists, and constitutes the rationalizable
strategies
Thus

RCBR(G) € RAT(G)

as RCBR(G) has the best response property. Assuming ADg, the
Axiom of Real Determinacy, for an arbitrary game G played on
Polish strategy spaces we can find a uniformization p’ of the best
response relation defined on RAT;(G) for each i, and consisting
only of measures that concentrate on RAT;(G). As all subsets
of Polish spaces are universally measurable under this hypothesis,
the pair (u!, 4?) is a universally measurable rational self-supported
measure assignment on RAT(G). Hence Lemma 5.1 applies (to-
gether with the induction of Theorem 5.2) and we conclude that

RCBR(G) = RAT(G)

for this arbitrary game, yielding the maximal extension of the Fun-
damental Theorem of Epistemic Game Theory under determinacy.
These ideas are developed in [17].
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